The optical response of small charged metallic nanodisks of one atomic monolayer thickness is analyzed under the excitation by an incident plane wave and by a localized pointlike dipole. Using the time-dependent density functional theory (TDDFT) and classical electrodynamical calculations we identify the bright and dark plasmon modes and study their evolution under external charging of the nanostructure. For neutral nanodisks, despite their monolayer thickness, the in-plane optical response, as obtained from TDDFT, is in agreement with classical electromagnetic results. The optical response for an incident wave polarized perpendicular to the nanostructure cannot be retrieved classically as it reflects a discrete energy structure of electronic levels. This latter situation appears most sensitive to external charging while the energy of the in-plane plasmon with dipolar character is nearly charge independent.
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I. INTRODUCTION
The ability to manipulate and confine light well below the diffraction limit as offered by metallic plasmonic structures [1] allows for a wealth of practical applications from biosensing [2] and optical nanoantennas [3, 4] to plasmon-enhanced photodetection [2, [5] [6] [7] [8] , photochemistry [9, 10] , nonlinear optics [11, 12] , and energy harvesting [10, 13] . Nowadays, plasmonic devices exploit propagating plasmons confined to (nanostructured) metal surfaces, or localized plasmons in single nanoparticles and nanoparticle assemblies. Along with these three-dimensional structures, plasmonics in lower dimensional structures such as nanowires [14] [15] [16] [17] [18] or edges [19] [20] [21] [22] [23] [24] [25] or two-dimensional materials [23] [24] [25] [26] [27] [28] [29] offers further perspectives in miniaturization of optoelectronic devices, light confinement, active control of response, and directional plasmon propagation. Albeit the ongoing discussion on the applicability of the term "plasmonic" to describe optical resonances in molecular structures, these structures represent the smallest devices where the optical response reflects the quantum nature of collective electronic excitations and thus requires quantum description [30] [31] [32] .
Plasmonics in the nanostructures where one or several dimensions are in the nanometer range raises an important practical issue concerning interpretation and prediction of the optical properties. Indeed, classical approaches based on Maxwell equations with the use of local dielectric functions to describe the materials properties allow complete characterization of the interaction of light with systems of basically any shape and composition. These classical results are thus extremely valuable to guide the design and fabrication of plasmonic devices with sought optical properties. On the other hand, when one or more dimension(s) of the structure becomes very small, classical descriptions might not be completely * andrei.borissov@u-psud.fr adequate and need to be applied with care. The quantum effects such as quantization of the electron motion, the spill out of the electron density outside the geometrical boundary, and the tunneling across a narrow junction become important [33] [34] [35] [36] [37] [38] [39] [40] [41] . In this context, understanding of the quantum/classical correspondences in individual and coupled plasmonic systems when they are subjected to external perturbations allows us to develop efficient strategies of the active control. Indeed, active control of the plasmonic modes by applied dc fields [42] [43] [44] [45] [46] or charging [47] [48] [49] [50] has been reported in the literature. In particular, if possible for metallic nanostructures [51, 52] , the plasmon frequency change via electron doping as known in the THz range for semiconductor quantum wells or graphene [26] [27] [28] [29] [53] [54] [55] would allow active ultracompact devices in the visible range. Metals, however, represent a challenge because of the high density of conduction electrons and thus of the high levels of charging needed to reach observable effects.
To address the properties and limitations of lowdimensional plasmonics with standard metals, in this work we study bright and dark breathing plasmon modes in freeelectron metal nanodisks with a thickness of a single atomic layer (1 monolayer, 1 ML), using the self-consistent density functional theory (DFT), time-dependent density functional theory (TDDFT), and classical electromagnetic calculations. Particular emphasis is given to the dependence of the optical response on the external charging of the nanostructure with the perspective to reveal the possibility of its active control. We show that for a neutral disk, despite its 1 ML thickness, classical electromagnetic theory correctly reproduces the quantum results for in-plane plasmon modes characterized by the distribution of the charge density symmetric with respect to the equatorial plane of the disk. In contrast, the optical excitations associated with antisymmetric induced charge distribution require transitions between quantized electronic states perpendicular to the disk plane and cannot be retrieved classically. For negatively charged nanodisks we show that because of the quantum confinement of the electron motion perpendicular to the disk plane, and because of the electron density spill out, the frequency shifts of the plasmon modes induced by the external charging are generally not captured by the classical theory. Our work demonstrates the existence of "quantum" and "classical" degrees of freedom in low dimensional structures and establishes quantum limits to the possibility of active control of plasmon modes in twodimensional (2D) metal structures via charge carrier injection.
The paper is organized as follows. First, we describe the geometry of the system under study, the free-electron model of the metal, and the calculation methods used to obtain the optical response. We show our results and discuss them in the next sections, addressing the ground state properties of neutral and externally charged nanodisks, and presenting a detailed analysis of the optical response and plasmon modes of the nanodisks excited by an incident plane wave and by a point dipole. The conclusions and outlook section closes the paper. Unless otherwise stated, atomic units are used throughout the paper.
II. SYSTEM AND COMPUTATIONAL ASPECTS

A. Model system
The sketch of the free-electron metal nanodisk in vacuum used in our study is shown in Fig. 1 together with the different types of plasmon excitation considered. The nanodisk is described within the jellium metal (JM) approximation [56] , well suited for studying the collective behavior of conduction electrons in nanostructures [33, [57] [58] [59] [60] . Within the JM, the positive ion cores at the lattice sites are not treated explicitly but represented by a uniform background density n + = (4πr 3 s /3) −1 confined within the jellium edges that define the geometrical surface of the nanoparticle. A Wigner-Seitz radius r s = 4 a 0 , characteristic of the Na metal, is used (a 0 = 0.53Å is the Bohr radius). Together with Al, recently placed at the focus of research in plasmonics [61, 62] , Na is a prototype of a free-electron metal [63] , and it allows us to address plasmon resonances within a frequency range similar to that of silver and gold nanoparticles. The neutral system comprises N e = 304 electrons and has a height h = 3.99 a 0 (2.1Å) corresponding to the spacing between atomic planes of the Na(100) surface [64] . Similar to graphene structures, we consider the case of a nanodisk formed by a single layer (1ML) of atoms. The radius of the disk is thus R = (N e /π hn + ) 1/2 = 80.627 a 0 (42.7Å). It is worth mentioning that despite its simplicity, the JM allowed semiquantitative predictions of many interesting physical phenomena in subnanometric plasmonics, such as the evolution of plasmon resonances in metallic nanoclusters and nanoshells [33, 57, 60] , or tunneling effects in narrow plasmonic gaps [38, 39, 65] . The conclusions derived from the JM calculations have been later confirmed by the experimental data [40, [66] [67] [68] [69] , and ab initio calculations at a full atomistic level [70] [71] [72] .
To capture the dynamics of bright and dark plasmon modes in the system we have considered different types of excitation: an incident linearly polarized electromagnetic plane wave and a point dipole, as indicated in the lower panels of Fig. 1 . The incident plane wave polarized along the y axis allows us to probe the optical response of the nanodisk in the in-plane
Schematics of the model systems used in the calculations. Upper panels present the nanodisk geometry characterized by a radius R = 42.7Å with a monolayer thickness h = 2.1Å, corresponding to the sodium metal. The neutral system comprises 304 electrons. For the calculations we use a cylindrical coordinates system r = (ρ,ϕ,z) with z = 0 placed in the middle of the disk. Middle panels show two different polarizations of the plane wave incident at the nanostructure. E is the electric field and k is the photon momentum. The lower panel represents the configuration for the excitation of the dark breathing plasmon modes by a vertical point dipole p placed along the symmetry axis z, at position z p above the disk. direction. Here, owing to the relatively large radius of the disk R, a quasicontinuum of electronic states is formed leading to a well developed dipolar plasmon. The incident plane wave polarized along the z axis allows us to probe the system in the quantum direction. Indeed, as we show below, because of the nanodisk thickness of a fewÅngstroms, the discrete structure of electron energy levels determines the optical response for the z-polarized light. Finally, with a vertical dipole p located on the symmetry z axis above the center of the disk (lower panel of Fig. 1 ) at position z = z p , the breathing dark plasmon modes [73] are excited.
B. DFT and TDDFT calculations
Prior to the implementation of the TDDFT calculations of the optical response of our system, the ground state properties of the neutral and charged nanoparticle are obtained within the Kohn-Sham (KS) scheme of DFT [74] . In short, the electron density of the system is given by
where the sum runs over the KS orbitals ψ gs j (r) with energies E j , assuming equal occupation of the "up" and "down" spin states. The superscript gs stands for the ground state. To accelerate the convergence of the DFT calculations, a small energy broadening given by the Fermi distribution function F (E j − E F ) with temperature T = 290 K is introduced (E F stands for the Fermi energy). The wave functions ψ gs j (r) and their energies E j are obtained from the solution of the stationary Schrödinger equation
In Eq. (2),T stands for the kinetic energy operator, V xc (n,r) is the exchange-correlation potential derived within the local density approximation (LDA) from the exchange-correlation functional of Gunnarson and Lundqvist [75] , and V H (n,r) is the Hartree potential. We use cylindrical coordinates r = (ρ,ϕ,z), as shown in Fig. 1 . With wave functions ψ (2) is then solved separately for each M subspace on a (ρ,z) mesh. The M and f quantum numbers are thus grouped in j .
The electron density dynamics triggered by an external perturbation in neutral and charged nanodisks is calculated using the real time propagation within the TDDFT [76, 77] . The time-dependent KS equations
are solved on a mesh in cylindrical coordinates with an initial condition ψ j (r,t = 0) = ψ gs j (r). The specific numerical implementation of our approach is detailed elsewhere [39] . In Eq. (3), V (r,t) is a time-dependent effective one-electron potential given by the sum of the exchange-correlation, Hartree, and external potential contributions:
We use the adiabatic local density approximation (ALDA) [76] so that the exchange-correlation potential V xc (n,r,t) has the same functional dependence on the local electron density as in the DFT study. The Hartree potential V H (n,r,t) is calculated from the time-dependent electron density n(r,t) = j F (E j − E F )|ψ j (r,t)| 2 , using the nonretarded approximation well suited here because of the small size of the system. Finally, V ext (r,t) is the potential given by the external perturbation allowing us to "probe" the electronic excitations.
We consider an impulsive perturbation with electric field polarized along the s = x,y,z axis, V ext = κ(ê s r)δ(t), where κ is a small constant, andê s is the unit length vector along s direction. The frequency-resolved absorption cross-section σ s (ω) can be obtained in this case from
where c is the speed of light in vacuum, and the frequencyresolved dipolar polarizability of the system is calculated from the dynamics of the induced dipole using the time-to-frequency Fourier transform
The broadening η = 0.15 eV is introduced here to account for the various plasmon damping mechanisms beyond the TDDFT [38] .
To analyze the dark plasmon modes of the nanodisk we also use an impulsive perturbation corresponding to the potential created by a point dipole p =ê z p, located at the symmetry axis of the disk. In this case V ext = p z−z p |r−r p | 3 δ(t), where the dipole position vector r p =ê z z p . From the TDDFT calculations, we perform the time-to-frequency Fourier transform and obtain the normalized rate of energy dissipation by the point emitter in the presence of the nanostructure, so-called Purcell factor [78, 79] :
Here E ns (r p ,ω) is the frequency resolved electric field induced by the nanostructure at the dipole position, k is the photon wave vector, and P 0 is the energy dissipation rate of the point emitter in vacuum. The total field created by the dipole placed in the vicinity of the nanodisk can be expressed as
where G 0 is the free-space Green's dyadic and G ns is the change of the Green's dyadic because of the presence of the nanostructure. Then Eq. (7) takes the form [80, 81 ]
The change in the projected local electromagnetic density of states (LDOS) induced by the nanostructure N ns (r p ,ω) can be thus obtained from the TDDFT results using Eqs. (7) and (9) as
The frequency resolved electric field E ns (z p ,ω) is obtained from the time-dependent Hartree field E ns (r p ,t) = ∇V H (n,r p ,t) using time-to-frequency Fourier transform similar to Eq. (6). The dark breathing plasmon modes of the nanodisk appear as resonances in N ns (r p ,ω), allowing the analysis of their frequencies and lifetimes. In order to reveal the importance of quantum effects in the optical response of the system, we compare the TDDFT results with those obtained using classical electromagnetic theory calculations as implemented in boundary elements method [82] . To this end, we describe the disk material by means of a local Drude dielectric function
well suited for the free-electron metal. Here ω p = √ 4πn e = 5.89 eV is the bulk plasma frequency of Na, and γ = 0.15 eV is the corresponding damping factor due to intrinsic losses. n e = n + = ( calculations for the same electron density, we used a slightly lower value for ω p (5.6 eV). This allows us to partially account for the quantum spill out effect. For charged nanodisks, the homogeneous distribution of the extra charges over the metal nanoparticle has been assumed following standard approaches [26] [27] [28] [47] [48] [49] [50] [51] [52] . This results in rescaling of the plasma frequency in Eq. (11) 
Here Q is the number of electrons added to an initially neutral system.
III. GROUND STATE PROPERTIES OF MONOATOMIC METALLIC NANODISKS
A. Neutral system
In Fig. 2 we show the effective one-electron potential and ground state electronic density for the neutral nanodisk as obtained from the DFT calculations. The 1 ML thickness of the nanodisk results in a narrow potential well in the direction perpendicular to its surface. To understand the distribution of energies of the electronic states associated with this system, let us consider an infinite metallic layer. In the present conditions, a single occupied state with energy E 0 exists for the electron motion in the z direction. This state corresponds to a wave function symmetric with respect to z = 0. The in-plane motion in an infinite layer is free with momentum k , giving rise to a continuum of occupied electronic states
Due to the finite size of the disk structure, the motion along the ρ coordinate is quantized by the reflection at the radial boundary of the disk at ρ = R. Neglecting the coupling of modes along the z and ρ directions at the edges, the one-electron KS orbitals of the disk form an energy sequence E j = E 0 + E ρ j , j = 1,2, . . . , where E ρ j stands for the discrete energy values because of the quantization of the in-plane continuum. The work function of the nanodisk is = 3.067 eV, and the lowest KS orbital has an energy E 1 = −4.32 eV, as calculated here with DFT. The narrow symmetric density profile in Fig. 2(a) reflects the z quantization of the electron motion, while the density oscillations (Friedel oscillations) in Fig. 2(b) originate from the reflection at the disk boundary ρ = R of the electron waves propagating parallel to the nanodisk surface.
B. Charged system
Electron doping of the nanodisk creates a repulsive electrostatic potential that increases the energy of the bottom of the potential well confining the valence electrons and thus reduces its depth. The change of the potential at the metal/vacuum interface becomes more gradual. This is shown in Fig. 3(a) for a different number Q of electrons (Q = 4, 8, 12, 16, 20) added to an initially neutral system. The electrical charge of the nanodisk is thus (−Q) in atomic units. Based in simple considerations, and assuming an homogeneous charging of the infinitely narrow nanodisk, an additional potential acting on the electrons at the disk center is given by V Q = 2Q/R. Accordingly, one can expect the shift of the energy of the Fermi level E F with Q as
It follows from Fig. 3(a) that the change of the Fermi energy calculated with DFT indeed linearly depends on Q. From the linear fit to the DFT data, we obtain E Q F ∼ 0.46Q (eV), while Eq. (12) predicts a faster change, E Q F ∼ 0.67Q (eV). This difference is because the extra charges are partially expelled to the disk circumference as we discuss in detail below. At the moment, to keep the qualitative discussion simple, we will use the analytical dependence given by Eq. (12) .
The negative charging raises the Fermi level and decreases the work function of the nanodisk until a charging value where the system becomes unstable. For a charge above the critical value Q Q cr = R/2, the Fermi level is promoted above the vacuum level E Q F 0. In this situation the electrons can escape from the nanodisk through the potential barrier at the metal/vacuum interface so that the extra charge would relax to the critical value [83] . For a neutral nanostructure with N e = πhR 2 n 0 electrons, Q cr /N e ∼ 1/R, i.e., the larger is the nanodisk, the less (in relative terms) charge doping is possible. In the present case, however, the reduced dimensionality of the system allows higher doping rates when compared to three-dimensional (3D) metal structures [83] with analogous electron density, where Q cr /N e ∼ 1/R 2 . In Fig. 4 we analyze the electron density change when Q = 4, 8, 12, 16, 20 electrons are added to the initially neutral disk. Note that for Q > 6, the Fermi level of the system is promoted above the vacuum level (see Fig. 3 ) so that a priori the extra charge above this value will leave the system. However, the decay rates via electron tunneling from the metal potential well into vacuum [83] are very low for charges up to Q = 20. This allows us to converge the DFT calculations of the charged nanodisks and perform the TDDFT studies of their plasmon dynamics presented below.
For a 3D metallic object the charge neutrality in the bulk has to be preserved and additional charges are accumulated in the surface layer [83] . In the current 2D structure, addition of Q extra electrons affects the charge distribution over the entire nanodisk. This effect can be observed in Fig. 4(a) , where the DFT results of the electron density change n Q (ρ) are shown as a function of the radial coordinate ρ. The n Q is defined as n Q (ρ) = [n Q (ρ,z) − n 0 (ρ,z)]dz, where n Q (ρ,z) and n 0 (ρ,z) are the electron densities of the charged and neutral nanodisk, respectively. The z integration allows a comparison with the surface charge density of a pure 2D system with zero thickness. Aside from the Friedel oscillations, n Q (ρ) generally grows over the entire 0 ρ R range as Q increases, as observed in Fig. 4(a) . However, inside the disk the charge doping is nearly twice smaller than what would be expected for an homogeneous distribution of the extra electrons, while the proximity of the disk boundary R shows a larger accumulation of the extra charge. The charge accumulation at R results in an electron density spill out in vacuum, which increases with Q. Similar results have been reported in self-consistent calculations for graphene nanostructures [53, 84] , albeit tight binding or classical descriptions in that case prevent the spill out effect to be revealed.
The above conclusions are further supported by the results in Fig. 4(b) , where we show the change of the total number of electrons N e (ρ) inside a disk of radius ρ, i.e., the distribution of the extra electrons in concentric disks of progressively larger size. This quantity is defined as N e (ρ) = 2π Fig. 4(b) . In the self-consistent DFT calculations because of the electron-electron repulsion the electron density change is not homogeneous over the nanodisk. Approximately half of the additional charges are expelled into a surface region of ≈ 5Å width around the nanodisk circumference of radius R, extending into the vacuum region.
The accumulation of about half of the extra charges within the ring of radius R also explains the slower increase of the Fermi energy with Q obtained from the DFT study when compared with the analytical prediction given by Eq. (12) . In deriving Eq. (12) we assumed a uniformly charged disk while self-consistent calculation shows that half of the additional charge is accumulated at the disk circumference. The mean value between the potential created at the coordinate origin by the uniformly charged disk 2Q/R and that created by a ring Q/R results in the Fermi level shift E Q F ∼ 0.5Q (eV), i.e., very close to the relationship E Q F ∼ 0.46Q (eV), derived from the fit to the DFT data.
IV. OPTICAL RESPONSE OF CHARGED MONOATOMIC METALLIC NANODISKS
A. Excitation by a plane wave
We analyze in this subsection the optical response of a charged monoatomically thin metallic nanodisk induced by an incoming linearly polarized plane wave with different directions of polarization. One might expect that for a 1-MLthick nanodisk the in-plane optical response could be similar when calculated within quantum and classical frameworks owing to the large lateral size that shows a pseudocontinuum of electronic states propagating in the ρ direction. In contrast, the optical response of the system to a z-polarized electromagnetic wave should be strongly affected by the quantum-size effect because of the confinement of the electron motion in z direction.
In Fig. 5 we present the absorption spectra calculated for neutral and negatively charged sodium nanodisks as a response to an incoming electromagnetic plane wave polarized parallel to the disk plane (in-plane excitation). We start our analysis with a case of the neutral nanodisk. The absorption spectrum in this case is very similar in both classical and quantum calculations. It is dominated by the excitation of an in-plane dipolar plasmon mode (DP) at the frequency ω DP = 0.9 eV. The corresponding induced charge density profile − n DP is shown in the (x,y,z = 0) equatorial plane of the nanodisk in the insert of Fig. 5(b) . The induced electron density n DP (r) = n(r,t * ) − n(r,t = 0) is obtained from the time-dependent electron density n(r,t) by exposing the system to the linearly y-polarized electromagnetic wave with frequency ω = ω DP . The instant of time t * corresponds to the maximum induced dipole.
Importantly, when Q electrons are added to the system, the change of the absorption spectra predicted by the classical theory is not confirmed by the TDDFT calculations even qualitatively. Indeed, for the 2D systems it is commonly assumed that the extra charge is homogeneously distributed over the nano-object [26] [27] [28] [47] [48] [49] [50] [51] , so that the plasmon frequency changes as w p /w p = 0.5Q/N e . Thus, within this assumption, in the classical calculations the plasmon modes experience a blueshift with increasing Q as shown in Fig. 5(a) and has been also reported in the literature [51] . Observe that in a classical picture even a nonhomogeneous doping would lead to the blueshift of the plasmon mode because the electron density would experience an overall increase.
In the optical response obtained from the quantum calculations, however, the electron doping affects both the energy and the width of the plasmon resonance in a very moderate way with a small, but visible redshift of the plasmon frequency. The redshift of the plasmon resonance with an increasing number of extra electrons added to an initially neutral system is related to the spill out of the electron density outside the disk boundaries at R. Since the DP induced charges reside mainly at the external circumference of the disk [see inset in Fig. 5(b) ], the boundary effects mainly affect this plasmon mode. The density spill out increases with increasing Q. This leads to the redshift of the DP frequency. This effect of charging is well documented in the field of cluster physics. In addition to the redshift of the plasmon resonance for negatively charged clusters, it is shown that the contraction of the electron density (reduced spill out) for positively charged clusters leads to the blueshift of the plasmon resonance [85] [86] [87] [88] [89] [90] . On the formal level, the shift of the plasmon resonance of the nano-object with electron addition (removal) can be related to the change of the position of the plasmon induced charges with respect to the metal/vacuum interface. This position is the same physical parameter that controls the cluster size dependence of the energy of the dipolar plasmon resonance [35] [36] [37] 83] .
It follows from the present TDDFT data that the spill out compensates and even overrides the effect of the overall increase of electron density and thus of ω p . The classical theory with sharp boundaries does not account for the exponential tail of the electron wave functions in the vacuum region so that it cannot properly reproduce the quantum results. Since accumulation of the extra charges at the circumference of the nanodisk is an electrostatic effect linked with repulsive electron-electron interactions, we expect it to be qualitatively the same for the free-electron metal nanodisk as addressed here or for a nanodisk made of noble metal (Au, Ag). In this latter case the increased spill out of the charge density towards the vacuum should also lead to a slight redshift of ω DP with electron doping, as has been reported in 3D spherical metallic nanoparticles [83] .
In contrast to the in-plane optical response described above, for an incident field polarized perpendicular to the plane of the disk, the TDDFT calculations reveal that the polarizability of the system α z (ω) and thus the absorption cross-section σ z (ω) are strongly affected by the electron doping Q. The classical and quantum calculations for the case of z-polarized incidence are shown respectively in Figs. 6(a) and in 6(b). Similar to other systems with pronounced quantization effects such as molecules [30] , narrow shells [33, 60] , metal slabs [34] , or monoatomic wires [91] [92] [93] , in this polarization direction the optical response reflects transitions between the occupied and unoccupied KS orbitals derived by the z quantization of the electron motion. Obviously such a situation involves a strong quantum character and cannot be captured within a classical electromagnetic description. The main resonance in the absorption spectrum (vertical mode, VM) is associated with the excitation of the transition between the orbitals with symmetric (occupied) and antisymmetric (empty) character in z dependence so that charges of opposite sign are located at the top and bottom surfaces of the nanodisk [see right panel of Fig. 6(c)] . The VM has a dipolar strength similar to the in-plane dipolar plasmon mode and it appears in classical calculations close to the bulk plasmon frequency [ Fig. 6(a) ] [94] , while in the TDDFT results, the VM is at ω VM = 3.99 eV for the Q = 0 case [ Fig. 6(b) ].
Along with the VM resonance, in the TDDFT calculations for the Q = 0 case we also find an edge mode (EM) at ω EM = 3.34 eV [see the left panel of Fig. 6(c) ]. The EM arises from the ρ-coordinate dependence of the effective one-electron potential well confining the electron motion in z direction, as has been discussed for the case of the transversal edge mode found for monoatomic nanowires [91, 92] . Similar to the VM, the EM also posses a dipolar character with induced charge density antisymmetric in z. However, while the VM is associated with induced charge density extending over the entire top and bottom surface planes, the EM is localized at the disk circumference. Observe that both VM and EM possess axial symmetry. This latter property of the present EM with no nodal structure in the angular dependence with ϕ makes it quite different from the classically attainable plasmons propagating along the edges of the nanostructures [20, [23] [24] [25] , or multipolar plasmons in metallic nanodisks [73] . Interestingly, both have been also shown to obey the same dispersion relation [21] . As we mentioned above, the physics underlying the formation of the EM in the present case is similar to the one discussed for the monoatomic nanowires [91] [92] [93] , and it cannot be retrieved in the classical calculations.
As the nanosdisk is negatively charged, the classical calculations predict a blueshift of the spectral features because of the overall increase of electron density and thus of the bulk plasma frequency w p in the Drude dielectric function. This is analogous to the previously described case of the in-plane polarized light. The TDDFT study reveals a completely opposite trend. As the disk is negatively charged, the potential well confining the electrons within the metal becomes shallower [see Fig. 3(a) ] and the energy difference between KS orbitals describing the vertical z confinement decreases. The features in the absorption spectra (VM and EM) display a pronounced redshift with increasing Q. Because of the charge accumulation at the disk circumference the edge mode appears to be the most sensitive to electron doping. Thus, in contrast to the in-plane dipolar plasmon, it is found here that the optical response in the out-of-plane (vertical) direction of a thin metallic nanodisk can be efficiently controlled by charge injection.
We obtained that adding Q = 4 extra electrons to the initially neutral nanodisk, i.e., changing the total number of the electrons by 1.3% only, results in a 60 meV redshift of the VM frequency and 150 meV redshift of the EM frequency. However, while the general trend obtained here should be robust, the efficiency of this control mechanism is rather difficult to predict in practical situations where 2D metal systems are usually supported over other materials. This is because the potential confining electrons inside the metal disk, and the evolution of this potential with external charging should be dependent on the specific properties of the interfaces.
In closing this subsection, a remark is in order with respect to the widths of the spectral features in optical response. For a plane wave excitation with incoming field polarized parallel or perpendicular to the surface of the nanodisk, the electron doping Q leads to the broadening of the DP mode (Fig. 5) and of the EM and VM (Fig. 6) . Similar results have been obtained for the 3D spherical clusters [83] . The increase of the width corresponds to the faster decay of the excitation by hot electron production and its eventual emission into the vacuum [86, 95] . Indeed, increasing the negative charge of the nanodisk lowers the depth of the potential well confining the electrons as seen in Fig. 3. 
B. Excitation by a point dipole
While the excitation of the nanodisk system by an incident electromagnetic plane wave discussed above allows us to address plasmon modes with dipolar character, the eventual dependence of dark breathing plasmon modes [21, 73] on the electronic charge of the nanodisk is also of interest. Breathing plasmon modes are accessible for instance in electron energy loss spectroscopy, or when considering the excitation by a point dipole, as we use here. These are standing electron charge density waves due to the confinement of radially propagating plasmons (cylindrical waves) [96] scattered back by the radial disk boundary. If relevant values of plasmon energy dependence were found in this case, the frequency change of breathing plasmon modes with electron doping could open the possibility to actively control the coupling of a quantum emitter to a flat nanodisk antenna [97] , and thus the decay of the former. Since the breathing modes are nonradiative: this is predominantly the nonradiative contribution to the total decay rate of the nanoemitter [79, 80] that might be affected in this way.
For a z-oriented dipole located at the symmetry axis of the nanodisk, only the m = 0 modes are excited. Here m stands for the azimuthal quantum number defining the exp(imϕ) dependence of the plasmon fields. These are the "dark" plasmon modes with zero dipole moment. According to the symmetric or antisymmetric distribution of the plasmon induced charge density at the opposite top and bottom surfaces of the disk (z coordinate), two branches of modes exist: tangential and normal [94] . Since in our case the typical plasmon wave vectors q 1/R are such that ω p cq, we can use the nonretarded approximation for the dispersion of the plasmon modes, which is consistent with the TDDFT procedure used here. The dispersion of the tangential (symmetric) plasmons in a metallic thin film is given by [94] 
and the dispersion of the normal (antisymmetric) plasmons is given by
The wave vectors q are quantized in our nanodisk system because of the reflection at the disk boundary at R: Rq = π + φ leading to a discrete spectrum of breathing plasmon modes. Here = 1,2, . . . is the radial quantum number, and φ is the phase of the reflection at the boundary.
To study the dependence of the breathing plasmon modes on electron doping, we have calculated the projected density of electromagnetic states (PDOS) of the nanodisk N ns (z p ,ω) given by Eq. (10) by placing a unit point dipole p =ê z at position z p = 1 nm on the symmetry z axis. In Fig. 7 we compare classical and TDDFT results of N ns (z p ,ω) obtained for the neutral and negatively charged nanodisks. To improve the contrast of the high-frequency modes only Im{ê z E ns (z p ,ω)} is shown in Figs. 7(a) and 7(b) , i.e., the 1/ω multiplier is omitted.
The low-energy part of the PDOS reveals an in-plane optical response without excitation of the electron transitions between lowest occupied (symmetric) and higher energy (antisymmetric) states confined by the metal potential well in z direction. Similar to the in-plane dipolar plasmon excitation, the TDDFT results for the breathing modes with symmetric character in the neutral (Q = 0) case are well reproduced with classical simulations (modes frequency and width). Up to five plasmon modes can be clearly distinguished in the spectra. These modes can be labeled according to their radial quantum number , and have a distribution of frequencies of ω −,1 = 1.59 eV, ω −,2 = 2.10 eV, ω −,3 = 2.45 eV, ω −,4 = 2.72 eV, and ω −,5 = 2.95 eV, as obtained with TDDFT. The energy dispersion of the symmetric breathing modes is well described by the dependence ω 2 −, ∝ , as follows from Eq. (13), and assuming q = [π + φ]/R. This indicates that the reflection phase changes only weakly within the considered energy window (φ ≈ φ, = 1,2,3,4,5). The above assignment of modes is further confirmed by the corresponding induced charge densities shown in Fig. 7(c) . In the classical calculations to the right of Fig. 7(c) , the induced surface charge density at the boundaries is obtained from the difference in the components of the fields perpendicular to the metal surface.
As the nanodisk is negatively charged, classical calculations predict a blueshift of the plasmon modes through the increase of the electron density and thus of ω p [see Eq. (13)]. The quantum calculations also indicate a blueshift and broadening of the symmetric breathing modes. Both effects are more pronounced for the states with higher frequencies. As follows from the static DFT results, with an increasing number of additional electrons Q the overall electron density increases within the nanodisk, even though to a lesser extent than that expected for the homogeneous charging (see Fig. 4 ). The electron density increase leads to the blueshift of the energies of the in-plane plasmons propagating in ρ direction. However, this tentative explanation has to be considered with care, as the phase shift φ associated with the plasmon wave reflection at the nanodisk boundary is a priori charge dependent. The boundary effect might explain the broadening of the plasmon modes [98] as has been also observed in charged spherical metal clusters [83] . It is worthwhile mentioning that the frequency shift attainable for the symmetric breathing modes is moderate since the charging Q itself is limited.
At higher frequencies, along with the vertical mode (VM), the breathing plasmon modes associated with normal (antisymmetric) plasmons are excited by the point dipole located above the surface of the nanodisk. As we already discussed for z-polarized plane wave excitation, the VM corresponds to a distribution of opposite charges at the upper and lower surfaces of the nanodisk with no nodal structure in the ρ direction. Within the current definition of the breathing modes, this mode can be formally denoted as the = 0 antisymmetric mode. We use labels with prime for the antisymmetric modes to distinguish between the two types of excitations. The 1 antisymmetric modes form a dense energy series with their frequency decreasing with increasing q and thus , as follows from Eq. (14) . These modes are well resolved in classical calculations shown in Fig. 7(b) where the VM has an energy close to ω p .
The excitation of an antisymmetric distribution of plasmon induced charge density at opposite surfaces of the nanodisk requires transitions between lowest occupied (symmetric) and higher unoccupied (antisymmetric) states, confined by the metal potential well in the z direction. This situation is thus sensitive to the details of the electronic structure and this is the reason why the series of antisymmetric modes (associated to the VM) shows a lower energy in the TDDFT results as compared to those in the classical calculations [compare the energy of VM and the series of 0 , 1 , 2 , 3 , and 4 in Figs. 7(a) and 7(b) respectively]. In difference to classical Drude results, the individual peaks in the PDOS associated with these modes are not resolved in the quantum calculations. However, the analysis of the induced electron density calculated with TDDFT over the frequency range around ω VM (not shown here) indicates that the feature appearing as a single resonance in the PDOS is, in fact, formed by several overlapping resonances. Each of these "hidden" resonances is characterized by a specific induced density profile, antisymmetric in z with a nodal structure developing along the ρ coordinate as the frequency is decreasing from ω VM .
When external electrons are added to an initially neutral nanodisk, the frequency of the resonance in the PDOS calculated with TDDFT and associated with the VM [ Fig. 7(a) ] experiences a strong redshift with electron doping. Obviously, because of the same underlying physics, this result is consistent with the VM shift obtained in the TDDFT for the excitation with a z-polarized plane wave [ Fig. 6(b) ]. The antisymmetric breathing modes pinned to VM are also strongly redshifted. This quantum behavior is not reproduced in the classical electromagnetic calculations which predict that all the modes are blueshifted with increasing Q, irrespective of their character.
For a point dipole positioned at the nanodisk symmetry axis, the EM is weakly excited and cannot be resolved in the PDOS. As the point dipole position is shifted from the symmetry axis at ρ = 0 towards the edge of the nanodisk, the efficiency of the EM excitation and thus the intensity of the associated peak in the PDOS increases. This effect can be clearly observed in the TDDFT data shown in Fig. 8 for the neutral and negatively charged nanodisks. When the point dipole is located close to the edge of the nanodisk, the EM clearly emerges in the PDOS. In this situation, the excitation of the in-plane dipolar mode, multipolar modes, as well as the breathing symmetric plasmon modes characterized by the different (m,j ) quantum numbers [21] , leads to a broad structure in the PDOS below 3 eV. Consistently with results obtained with TDDFT for the excitation with a z-polarized plane wave [ Fig. 6(b) ], the resonance in PDOS associated with plasmonic EM strongly redshifts with electron doping. The strong sensitivity of the EM to the electronic charge of the nanodisk thus offers an interesting possibility to exploit the active control of the decay rate of quantum emitters coupled to monoatomic metallic nanoantennas.
V. CONCLUSIONS AND OUTLOOK
We have studied the optical absorption cross section and the electromagnetic density of states of charged and neutral 2D metallic nanostructures using quantum approaches based on the density functional theory and time-dependent density functional theory, as well as using classical approaches. With an example of a monolayer-thick free-electron metallic nanodisk in vacuum, we have shown how quantum effects alter the optical response of a 2D metallic nanoantenna, the excitation of its bright and dark plasmon modes, and the dependence of the optical response on electron doping.
We have demonstrated that optical excitations in the neutral system and their sensitivity to quantum effects can be understood from the profile of the associated induced charge density.
The dipolar plasmon mode excited by incident electromagnetic radiation polarized parallel to the disk plane, and the symmetric breathing dark plasmon modes excited by a point dipole located at the disk axis, are characterized by symmetric distributions of the plasmon induced charge density at both top and bottom surfaces of the nanodisk. The optical response in this case involves nearly free-electron motion in the lateral direction and thus the quantum and classical results for the neutral system are very close to each other.
The optical response associated with antisymmetric distributions of the charge density induced by an external potential at the top and bottom surfaces of the nanodisk requires hybridization between symmetric and antisymmetric electronic orbitals describing a quantized electron motion strongly confined in the direction perpendicular to the disk plane (z-direction). The quantum results in this case cannot be retrieved classically. Thus, for the dipolar transitions excited by an incident electromagnetic radiation polarized perpendicular to the disk plane, or for the antisymmetric breathing plasmon modes, the classical theory maximizes the optical response and the electromagnetic density of states close to the bulk plasmon frequency. In contrast, quantum results are determined by the excitation energy between the z-quantized states.
Our quantum calculations reveal the excitation of a plasmon edge mode localized at the disk boundary. This mode is axially symmetric and it is characterized by an antisymmetric charge density distribution induced at the top and bottom surfaces of the nanodisk. Different from the propagating edge plasmons discussed classically [20, 21, [23] [24] [25] 73] , the edge mode of the nanodisk found here stems from the lateral coordinate dependence of the confining potential and it is similar to the transverse edge mode reported in quantum calculations of the monoatomic wires [91] [92] [93] For nanodisks negatively charged by electron doping several quantum effects are important:
(1) The energy of the Fermi level increases so that above a certain critical charge, the system becomes unstable. This limits the range of the possible electron doping.
(2) The metal potential well becomes less attractive and the excitation energy between z-quantized states is reduced with increase of the number of additional electrons.
(3) The additional charges are distributed nonhomogeneously over the 2D object. The charge accumulation at the circumference of the disk leads to the spill out of the electron density outside the disk which increases with increasing electronic charge Q.
These quantum effects lead to quantitative and even qualitative differences between quantum and classical results for negatively charged nanodisks. The classical theory predicts a blueshift of all the spectral features in the optical response because of the overall increase of the electron density. While this is confirmed by the TDDFT calculations only for the in-plane symmetric breathing modes, the frequency of the inplane dipolar plasmon mode with symmetric character appears nearly unaffected by negative charge doping. This is because the electron spill out effect compensates in this case the overall increase of the electron density. As to the optical excitations associated with antisymmetric induced charge density, the TDDFT calculations show a charging effect opposite to that predicted classically. The features in the optical response are redshifted with increasing Q because of the decreasing energy spacing between z-quantized states.
Our results indicate that the optical absorption for an incident light polarized perpendicular to the plane of the nanodisk and the plasmon edge mode are the most sensitive to negative charging of the nano-object. In particular, the frequency shift of the edge plasmon mode with negative charging could allow an efficient control of the optical absorption and of the coupling between quantum emitters and 2D metallic nanoantennas. The robust effects revealed here can thus be used in control of single photon emitters and design of optically active devices.
